The natural scales of the laminar steady-state free convection flow regime surrounding an isothermal vertical cylinder are established. It is shown that nondimensionalizing the momentum and energy equations in terms of the Rayleigh or Boussinesq numbers allows the use of the Prandtl number as a criterion to establish whether the motive buoyancy force is mainly balanced by inertia or by friction. Instead, in the conventional formulation based on the Grashof number, this distinction is not possible.
Introduction
As has recently been remarked [1] , in some physics and engineering curricula convective heat transfer may be given relatively little attention in comparison with conduction and radiation. The reason for this is that solutions to problems in convection are for the most part based on experimental correlations involving numbers that originate in dimensional analysis [2] . While being a simple and intuitive technique, dimensional analysis by itself does not explain why some dimensionless numbers are better than others, nor does it shed light on the form of the correlations that relate the chosen numbers among themselves. These correlations, therefore, may remain somewhat obscure to students. It is possible, however, to use physical reasoning as a complement of dimensional analysis to establish the scales of the dimensionless groups pertinent to the problem [3] .
Despite its usefulness, scale analysis is often just mentioned in passing in textbooks, or is even avoided altogether. It is the aim of the present paper to show teachers and students of introductory courses in fluid mechanics and heat transfer that natural scales can be easily obtained, and that they yield quite useful information. The case of laminar steadystate free convection around a vertical cylinder is chosen for demonstration. For students having some familiarity with the fundamental aspects of convection and dimensional analysis, sections 2 and 3 should be especially useful. More advanced students may also find the material interesting in section 4. Conclusions are given in section 5. Figure 1 . A vertical cylinder of radius r 0 immersed in a quiescent fluid at bulk temperature T ∞ and kept at uniform wall temperature T w . A control volume of boundary layer thickness δ and height z around the cylinder is also shown. U z is the vertical speed at the exit of the control volume.
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Governing equations
Consider a vertical cylinder of radius r 0 immersed in a quiescent fluid at bulk temperature T ∞ and kept at uniform wall temperature T w (figure 1). Let z and r be the axial and radial coordinates, u and v the corresponding velocity components and T the temperature of the fluid. With the Boussinesq approximation, conservation of mass, momentum and energy respectively yield [4] 
and
where ν is the kinematic viscosity, g is the acceleration of gravity, β is the volumetric coefficient of thermal expansion and α is the thermal diffusivity. The boundary conditions are
In addition, the boundary conditions at the base of the cylinder must be specified. Although these conditions depend on how the cylinder is held, far from its base their exact nature will be uninfluential. It is normally assumed, however, that the fluid is isothermal and at rest for z = 0 and r r 0 [5] .
Although these equations can be solved numerically in the form given above, it is much more useful to transform them into an equivalent dimensionless system of equations (section 4). Before doing so, however, it is instructive to investigate the natural scale for the thickness δ of the boundary layer. In the following section, the analysis of Bejan [4] for free convection over a flat plate is followed closely.
Scale analysis
The scale analysis starts by defining a cylindrical control volume of (unknown) thickness δ and height z around the cylinder (figure 1). The heat flow from the wall is of the order of 2πr 0 zk T /δ, where T = T w − T ∞ and k is the thermal conductivity of the fluid 1 . The thermal energy is carried away by an enthalpy stream occupying the annular area A = π(d + δ)δ, where d = 2r 0 . The mass flow rate through the annulus is ρU z A, where ρ is the density of the fluid and U z is the vertical speed at the exit of the control volume 2 . The specific enthalpy change is of the order of c p T , where c p is the heat capacity of the fluid at constant pressure. Conservation of energy then yields
or equivalently, with α = k/(ρc p ),
At steady state, the driving buoyancy force is balanced by the change of momentum in the vertical direction across the control volume (inertia) and by the frictional force. Per unit volume, these forces are of the order of g ρ for buoyancy, ρU 2 z z for inertia and μU z /δ 2 for friction, where ρ and μ are the density and the viscosity of the fluid, respectively, and ρ is the difference between the densities far away from the cylinder and within the control volume. Since ρ/ρ ∼ β T , momentum balance gives, with ν = μ/ρ,
Combining equations (7) and (8), and rearranging terms, we get
where Ra z = gβ T z 3 /(να) is the Rayleigh number and Bo z = gβ T z 3 /α 2 is the Boussinesq number 3 . In this equation, the first term on the right-hand side represents the ratio of the inertial to buoyancy forces and the second term represents the ratio of the frictional to buoyancy forces.
Since the Boussinesq number can be written as Bo z = Ra z P r, where P r = ν/α is the Prandtl number, equation (9) shows that, for P r 1 (oils), the inertial-to-buoyancy ratio can be neglected, implying that the motive force is balanced mainly by friction. Similarly, if P r 1 (liquid metals), friction can be neglected in favour of a balance between buoyancy and inertia. It is only for values of the Prandtl number close to unity (most gases and liquids, including air and water) that all three forces are of the same order of magnitude. 1 In this paper the concept of the order of magnitude with accompanying symbol ∼ is used in an intuitive sense. A more precise definition is given in [3] . See also [6, 7] . 2 The entrance vertical speed is zero. Mass is conserved by fluid entrained through the vertical outer wall of the control volume. 3 In the literature, there seems to be no agreement on the definition of the Boussinesq number. The one used here was taken from [4] .
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From equation (9) the natural scale of the local Nusselt number Nu z = h z z/k can be derived immediately, where h z is the local heat transfer coefficient at height z. Indeed, since this coefficient is of the order of k/δ, then Nu z ∼ z/δ, and therefore
The ratio (d + δ)/d that appears in this expression implies that if the cylinder is slender the local Nusselt number cannot be expressed in terms of dimensionless combinations of known physical and geometrical parameters (equivalently, a slender cylinder does not admit a similarity solution). However, if the diameter is large in comparison with the thickness of the boundary layer, equation (10) reduces to
which is the typical form of the correlations for the Nusselt number in free convection over a vertical flat plate [8, 9] .
Dimensionless equations
To obtain the dimensionless system of equations the pseudo-similarity variable η(r, z) and dimensionless axial coordinate ξ(z) are defined according to
where z is the dimensionless number
and p is a diffusivity parameter to be chosen conveniently. Thus, p = √ να gives z = Ra z , p = α gives z = Bo z and p = ν gives z = Gr z (the Grashof number). The dimensionless temperature θ(η, ξ ) and stream function ψ(η, ξ ) are next defined as
where q is a further diffusivity parameter and f is a dimensionless function of η and ξ , to be found. The stream function is made to comply with ∂ψ ∂r = ru and ∂ψ ∂z = −rv.
Equation (1) is thus satisfied, while equations (2) and (3) become, respectively,
with boundary conditions
where, for simplicity, subscripts in f (and in θ below) denote partial derivatives. In equation (18) I is the term associated with inertia, F is the term associated with friction and B is the term associated with buoyancy, while in equation (19) E is the term associated with enthalpy flow and C is the term associated with heat conduction. These terms are
Equations (18) and (19) constitute a system of partial differential equations, thus confirming the result in section 3 that no similarity solution is possible. This system can be solved by standard numerical techniques (albeit with considerable difficulties, see [5, 10] for in-depth discussion). However, it is not the solution of this system that is of interest at the present time, but the fact that through its equations one is able to see immediately the relative influences of buoyancy, inertia and friction by judicious choice of the diffusivities p and q. Consider first the choice p = q = ν, equivalent to defining η and ξ in terms of the Grashof number Gr z = gβ T z 3 /ν 2 . The resulting system
does not adequately represent the physics of the problem, because it leads us to conclude that all forces are always relevant and that the Prandtl number defines the relative importance of enthalpy flow and heat conduction, neither of which is correct. However, the Grashof number formulation is the one customarily chosen [11] . Instead, choosing p = √ να and q = α (which is equivalent to defining η and ξ in terms of the Rayleigh number) we obtain
Similarly, with p = q = α (which is equivalent to defining η and ξ in terms of the Boussinesq number) the momentum equation becomes
while the energy equation (30) remains the same. Therefore, if the Prandtl number is large, equation (29) indicates that the flow results from a balance between buoyancy and friction, while if the Prandtl number is small, equation (31) indicates that buoyancy is mainly balanced by inertia. In either case, the energy equation (30) correctly indicates that the convection and conduction terms are equal to each other. These conclusions confirm those derived from the scaling analysis in section 3.
Conclusion
In this paper, the technique of scale analysis was applied to the problem of obtaining the velocity and temperature fields in free convection around a vertical cylinder. The focus was not on the actual fields, but on showing that this technique can be used to extract the relevant physics of the problem. It was shown that the formulation based on the Rayleigh or Boussinesq numbers allows using the Prandtl number as a criterion to establish the relative importance of the inertial and viscous forces in comparison with the buoyancy forces. Instead, the customary formulation based on the Grashof number does not allow this distinction to be made.
